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JACOBIAN ELLIPTIC FIBRATIONS ON A SPECIAL FAMILY OF
K3 SURFACES OF PICARD RANK SIXTEEN
A. CLINGHER, T. HILL, AND A. MALMENDIER
Abstract. We study a special family of K3 surfaces polarized by the rank-sixteen
lattice H ⊕ E7(−1) ⊕ E7(−1). A generic member of this family admits exactly
four inequivalent Jacobian elliptic fibrations. Explicit Weierstrass models for these
fibrations are determined using modular forms on a suitable bounded symmetric
domain of type IV . Our construction also provides a geometric interpretation for
the F-theory/heterotic string duality in eight dimensions with two Wilson lines.
1. Introduction and Summary of results
Let X be a smooth complex algebraic K3 surface. Denote by NS(X ) the Ne´ron-
Severi lattice of X . This is known to be an even lattice of signature (1, pX − 1),
where pX being the Picard rank of X , with 1 ≤ pX ≤ 20. In this context, a lattice
polarization [Nik74,Nik75,Nik79a,Nik79b,Dol83] on X is then given by a primitive
lattice embedding i : N →֒ NS(X ), the image of which is to contain a pseudo-ample
class. Here, N is a choice of even lattice of signature (1, r), with 0 ≤ r ≤ 19. Two
N-polarized K3 surfaces (X , i) and (X ′, i′) are said to be isomorphic, if there exists
an analytic isomorphism α : X → X ′ such that α∗ ◦ i′ = i where α∗ is the appropriate
morphism at cohomology level.
The present paper focuses on a special class of such objects - K3 surfaces polarized
by the rank sixteen lattice:
(1.1) N = H ⊕ E7(−1)⊕ E7(−1) .
Here H stands for the standard hyperbolic lattice of rank two, and E7(−1) is the
negative definite even lattice associated with the analogous root system. This notation
will be used throughout this article.
Our interest in this class of K3 surfaces has multiple motivations. First, as ob-
served in earlier work [CMS19] by the authors, K3 surfaces of this type are explicitly
constructible. In fact, they fit into a six-parameter family of quartic normal forms:
Theorem 1.1 ([CMS19]). Let (α, β, γ, δ, ε, ζ) ∈ C6. Consider the projective quartic
surface in P3(X,Y,Z,W) defined by the homogeneous equation:
(1.2) Y2ZW−4X3Z+3αXZW2+βZW3+γXZ2W−
1
2
(
δZ2W2 + ζW4
)
+εXW3 = 0 .
2010 Mathematics Subject Classification. 14J28, 14J81, 81T30.
Key words and phrases. K3 surfaces, Jacobian elliptic fibrations, Nikulin involutions.
A.M. acknowledges support from the Simons Foundation through grant no. 202367.
1
2 A. CLINGHER, T. HILL, AND A. MALMENDIER
Assume that (γ, δ) 6= (0, 0) and (ε, ζ) 6= (0, 0). Then, the surface X(α, β, γ, δ, ε, ζ)
obtained as the minimal resolution of (1.2) is a K3 surface endowed with a canonical
N-polarization.
All N-polarized K3 surfaces, up to isomorphism, are in fact realized in this way.
Moreover, one can tell precisely when two members of the above family are isomorphic.
Let G be the subgroup of Aut(C6) generated by the set of transformations given
below:
(α, β, γ, δ, ε, ζ) −→ (t2α, t3β, t5γ, t6δ, t−1ε, ζ), with t ∈ C∗
(1.3) (α, β, γ, δ, ε, ζ) −→ (α, β, ε, ζ, γ, δ) .
It follows then that two K3 surfaces in the above family are isomorphic if and only
if their six-parameter coefficient sets belong to the same orbit of C6 under G. This
fact leads one to define the following set of invariants associated to the K3 surfaces
in the family.
(1.4) J2 = α, J3 = β, J4 = γ · ε, J5 = γ · ζ + δ · ε, J6 = δ · ζ
which then allows one to prove:
Theorem 1.2 ([CMS19]). The four-dimensional open analytic space
(1.5) MN =
{
[ J2, J3, J4, J5, J6 ] ∈WP(2, 3, 4, 5, 6) | (J3, J4, J5) 6= (0, 0, 0)
}
forms a coarse moduli space for N-polarized K3 surfaces.
The results above fit extremely well with the Hodge theory (periods) classification
of these these K3 objects. Hodge-theoretically, lattice polarized K3 surfaces are well
understood, by classical work of Dolgachev [Dol96]. For N-polarized K3 surfaces,
appropriate Torelli type arguments give a Hodge-theoretic coarse moduli space given
by a modular four-fold:
(1.6) Γ+T \H2 ,
where the period domain H2 is a four-dimensional open domain of type I2,2 ∼= IV4
and Γ+T is a discrete arithmetic group acting on H2. This can be made very precise,
via work by Matsumoto [Mat93]. Namely, we set
H2 =
{
̟ =
(
τ1 z1
z2 τ2
)
∈ Mat(2, 2;C)
∣∣∣ Im (τ1) · Im (τ2) > 1
4
|z1 − z¯2|
2, Im τ1 > 0
}
,
while Γ+T is a certain index-two subgroup of the group
ΓT =
{
G =
(
A B
C D
)
∈ GL
(
4,Z[i]
) ∣∣∣G† · J ·G = J
}
⋊ Z2 .
Here, J denotes the standard symplectic matrix, the action of an element G ∈
GL(4,Z[i]) on H2 is the classical:
G ·̟ = (C ·̟ +D)−1(A ·̟ +B) ,
and the generator of the right Z2 factor acts by transposition, i.e., ̟ 7→ T ·̟ = ̟
t.
In the above context, the five invariants of (1.4) can be computed in terms of theta
functions on H2. The result is a modular interpretation:
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Theorem 1.3 ([CMS19]). Invariants J2, J3, J4, J5, J6 are modular forms of respective
weights 4, 6, 8, 10, and 12, relative to the group Γ+T .
Invariants of this type were independently obtained by Vinberg [Vin10]. Moreover,
by Vinberg’s work, one also obtains that {Jk}
6
k=2 are algebraically independent and
generate, over C, the graded ring of even modular forms relative to the group Γ+T .
The goal of the present work is to classify the Jacobian elliptic fibrations on the
generic N-polarized K3 surface X . Our results include the following: Proposition 2.3
shows that there are exactly four inequivalent Jacobian elliptic fibrations on X . Each
of the fibrations can be described via geometric pencils on the quartic surface defining
X . We identify the pencils associated to these fibrations in the context of the quartic
normal form (1.2) in Theorem 3.6. Explicit Weierstrass models are then computed,
and finally we express the Weierstrass coefficients in terms of modular forms relative
to the group Γ+T ; this will be the content of Theorem 4.3.
This article is structured as follows: Isomorphism classes of Jacobian elliptic fibra-
tions on X are in one-to-one correspondence to primitive lattice embeddings H →֒ N.
In Section 2, a lattice theoretic analysis of this problem reveals that there are exactly
four such (non-isomorphic) primitive lattice embeddings. A N-polarized K3 surface
carries therefore, up to automorphisms, four special Jacobian elliptic fibrations, the
only ones existing in the generic case. We geometrically identify the fibrations in
the context of the normal forms (1.2) in Section 3. In Section 4 we produce ex-
plicit Weierstrass forms with coefficients in terms of the modular forms. Finally, in
Section 5 we show that our construction provides a geometric interpretation for the F-
theory/heterotic string duality in eight dimensions with two non-trivial Wilson lines.
From a physics point of view, the moduli space MN provides the interesting example
where the partial higgsing of the heterotic gauge algebra g = e8 ⊕ e8 or g = so(32)
for the associated low energy effective eight-dimensional supergravity theory has, in
each case, two inequivalent Coulomb branches and no charged matter fields for the
corresponding F-theory model.
2. Lattice theoretic considerations for the K3 surfaces
Let X be a generic N-polarized K3 surface with N = H ⊕ E7(−1) ⊕ E7(−1).
We start with a brief lattice-theoretic investigation regarding the possible Jacobian
elliptic fibration structures appearing on the surface X . Recall that a Jacobian elliptic
fibration on X is a pair (π, σ) consisting of a proper map of analytic spaces π : X → P1,
whose generic fiber is a smooth curve of genus one, and a section σ : P1 → X in the
elliptic fibration π. If σ′ is another section of the Jacobian fibration (π, σ), then there
exists an automorphism of X preserving π and mapping σ to σ′. One can then realize
an identification between the set of sections of π and the group of automorphisms of X
preserving π. This is the Mordell-Weil group MW(π, σ) of the Jacobian fibration.We
have the following:
Lemma 2.1. Let X be a generic N-polarized K3 surface and (π, σ) a Jacobian elliptic
fibration on X . Then, the Mordell-Weil group has finite order. In particular, we have
(2.1) rankMW(π, σ) = 0 .
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Proof. For NS(X ) = N, it follows, via work of Nikulin [Nik79a, Nik81, Nik84] and
Kondo [Kon89], that the group of automorphisms of X is finite. In fact, Aut(X ) ≃
Z2×Z2. In particular, any Jacobian elliptic fibration on X must have a Mordell-Weil
group of finite order and cannot admit any infinite-order section. 
Given a Jacobian elliptic fibration (π, σ) on X , the classes of fiber and section span a
rank-two primitive sub-lattice of NS(X ) which is isomorphic to the standard rank-two
hyperbolic lattice H . The converse also holds: given a primitive lattice embedding
H →֒ NS(X ) whose image contains a pseudo-ample class, it is known from [CD07b,
Thm. 2.3] that there exists a Jacobian elliptic fibration on the surface X , whose
fiber and section classes span H . Moreover, one has a one-to-one correspondence
between isomorphism classes of Jacobian elliptic fibrations on X and isomorphism
classes of primitive lattice embeddings H →֒ NS(X ) modulo the action of isometries
of H2(X ,Z) preserving the Hodge decomposition [CD07a, Lemma 3.8]. These are
standard and well-known results; see also the overall discussion in [Kon92,PSˇSˇ71].
Let us then investigate the possible primitive lattice embeddings H →֒ N. Assume
j : H →֒ N is such an embedding. Denote by K = j(H)⊥ the orthogonal complement
in N. It follows that N = j(H)⊕K. The lattice K is negative-definite of rank fourteen
and has discriminant group and form
(2.2)
(
D(K), qK
)
≃
(
D(N), qN
)
≃
(
Z2 ⊕ Z2, (1/2) ⊗ (1/2)
)
.
Using Nikulin’s classification theory [Nik79a,Nik81], isomorphism classes of embed-
dings H →֒ N are in one-to-one correspondence with even, negative-definite, rank-
fourteen lattices K, satisfying condition (2.2).
Going back to a choice of embedding j : H →֒ N, we denote by Kroot the sub-lattice
spanned by the roots of K, i.e., the algebraic class of self-intersection −2 in K. Let
Σ ⊂ P1 be the set of points on the base of the elliptic fibration π that correspond
to singular fibers. For each singular point p ∈ Σ, we denote by Tp the sub-lattice
spanned by the classes of the irreducible components of the singular fiber over p
that are disjoint from the section σ of the elliptic fibration. Standard K3 geometry
arguments tell us that Kroot is of ADE-type, meaning for each p ∈ Σ the lattice Tp is
a negative definite lattice of type Am, Dm and El, and we have
(2.3) Kroot =
⊕
p∈Σ
Tp .
We also introduce
(2.4) W = K/Kroot .
Shioda [Shi90] proved that there is a canonical group isomorphism W ≃ MW(π, σ),
identifying W with the Mordell-Weil group of the corresponding Jacobian elliptic
fibration (π, σ). We have the following:
Lemma 2.2. In the situation described, the only possible choices for K are
K = E7(−1)⊕ E7(−1) , E8(−1)⊕D6(−1) , D14(−1) if W = {I},
or K = D12(−1)⊕A1(−1)⊕ A1(−1) if W = Z/2Z.
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Proof. Because of Lemma 2.1 it follows that W must be finite. Moreover, via
(2.5) K/Kroot →֒
(
Kroot
)∗
/Kroot ,
the group W can be identified as a subgroup of the discriminant group D(Kroot),
isotropic with respect to the discriminant form qKroot . Probing for the possible choices
of lattice K, we explore therefore two cases:
Case I: W = {I}. This corresponds to K = Kroot. We are then searching for
rank-fourteen ADE-type lattices K with(
D(K), qK
)
≃
(
Z2 ⊕ Z2, (1/2) ⊗ (1/2)
)
.
A look at the classical ADE-type lattice discriminant form list reveals that only three
lattices fit the bill. These are K = E7(−1)⊕E7(−1), E8(−1)⊕D6(−1), and D14(−1).
Case II: W 6= {I}. This corresponds to the case when Kroot is a sub-lattice of
positive index in K. The following condition must be then satisfied:
(2.6) |D(Kroot)| = |D(K)| · |W|2 = 4|W|2 .
In [Shi00] Shimada provides a complete list of pairs (Kroot,W) that occur in Jacobian
elliptic K3 surfaces, with W finite. According to Shimada’s list, there’s 392 cases of
ADE-type lattices in rank fourteen, together with the possible groups W: one first
eliminates all the cases with W = {I}, followed by eliminating all cases with fibers
of type An with n ≥ 2. For the remaining cases, we computed the determinant of
the discriminant form and checked whether it equals 4. Only one case remains which
satisfies condition (2.6) for W 6= {I}. This is K = D12(−1)⊕A1(−1)⊕ A1(−1) with
W = Z/2Z. 
Lemma 2.2 immediately implies:
Proposition 2.3. A generic N-polarized K3 surface X admits exactly four inequiv-
alent Jacobian elliptic fibrations (π, σ), up to isomorphism, with (Kroot,MW(π, σ))
given by Lemma 2.2.
3. Generalized Inose quartic and its elliptic fibrations
Let (α, β, γ, δ, ε, ζ) ∈ C6 be a set of parameters. We consider the projective quartic
surface Q(α, β, γ, δ, ε, ζ) in P3 defined by the homogeneous equation
(3.1) Y2ZW−4X3Z+3αXZW2+βZW3+γXZ2W−
1
2
(
δZ2W2 + ζW4
)
+εXW3 = 0.
The family (3.1) was first introduced by the first author and Doran in [CD11] as
a generalization of the Inose quartic in [Ino78]. We denote by X (α, β, γ, δ, ε, ζ) the
smooth complex surface obtained as the minimal resolution of Q(α, β, γ, δ, ε, ζ). The
quartic Q(α, β, γ, δ, ε, ζ) has two special singularities at the following points:
(3.2) P1 = [0, 1, 0, 0], P2 = [0, 0, 1, 0] .
One verifies that the singularity at P1 is a rational double point of type A9 if ε 6= 0,
and of type A11 if ε = 0. The singularity at P2 is of type A5 if γ 6= 0, and of type
E6 if γ = 0. For a generic sextuple (α, β, γ, δ, ε, ζ), the points P1 and P2 are the
only singularities of Equation (3.1) and are rational double points. The two sets
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a1, a2, . . . , a9 and b1, b2, . . . , b5 will denote the curves appearing from resolving the
rational double point singularities at P1 and P2, respectively.
In this section we assume that γε 6= 0. The specializations γ = 0 and ε = 0
were already considered in [CMS19]. We introduce the following three special lines,
denoted by L1, L2, L3 and given by
X = W = 0 , Z = W = 0 , 2εX− ζW = Z = 0 .
Note that L1, L2, L3 lie on the quartic in Equation (3.1). Because of γε 6= 0, the
lines L1, L2, L3 are distinct and concurrent, meeting at P1. Moreover, we consider
the following complete intersections:
2εX− ζW =
(
3αε2ζ + 2βε3 − ζ3
)
W
2 − ε2 (δε− γζ)ZW + 2ε3Y2 = 0 ,
2γX− δW =
(
3αγ2δ + 2βγ3 − δ3
)
ZW
2 − γ2 (γζ − δε)W3 + 2γ3Y2Z = 0 .
Assuming appropriate generic conditions, the above equations determine two projec-
tive curves R1, R2, of degrees two and three, respectively. The conic R1 is a (generi-
cally smooth) rational curve tangent to L1 at P2. The cubic R2 has a double point at
P2, passes through P1 and is generically irreducible. When resolving the quartic sur-
face (3.1), these two curves lift to smooth rational curves on X(α, β, γ, δ, ε, ζ), which
by a slight abuse of notation we shall denote by the same symbol. One obtains the
following dual diagrams of rational curves:
(3.3) L3• R1•
a1
•
✳✳
✳✳
✳✳
✳✳
✳✳
✌✌✌✌✌✌✌✌✌
a2
•
a3
•
a4
•
a5
•
a6
•
a7
•
a8
•
a9
•
L1
•
b2
•
b3
•
b4
•
✑✑
✑✑
✑✑
✑✑
✑✑
✶✶✶✶✶✶✶✶
L2
•
b1
•
R2
•
b5
•
We proved the theorem in [CMS19]:
Theorem 3.1. Assume that (γ, δ) 6= (0, 0) and (ε, ζ) 6= (0, 0). Then, the surface
X (α, β, γ, δ, ε, ζ) obtained as the minimal resolution of Q(α, β, γ, δ, ε, ζ) is a K3 sur-
face endowed with a canonical N-polarization.
We also note:
Remark 3.2. The degree-four polarization determined on X (α, β, γ, δ, ε, ζ), assuming
the case γε 6= 0, is given by the following polarizing divisor
(3.4) H = L2+(a1 + 2a2 + 3a3 + 3a4 + 3a5 + · · · 3a9)+3L1+(2b1 + 4b2 + 3b3 + 2b4 + b5) .
In [CMS19] we proved:
Lemma 3.3. Let (α, β, γ, δ, ε, ζ) ∈ C6 with (γ, δ) 6= (0, 0) and (ε, ζ) 6= (0, 0). Then,
one has the following isomorphisms of N-polarized K3 surfaces:
(a) X (α, β, γ, δ, ε, ζ) ≃ X (t2α, t3β, t5γ, t6δ, t−1ε, ζ), for any t ∈ C∗.
(b) X (α, β, γ, δ, ε, ζ) ≃ X (α, β, ε, ζ, γ, δ).
CLASSIFICATION OF JACOBIAN ELLIPTIC FIBRATIONS 7
Proof. Let q be a square root of t. Then, the projective automorphism, given by
(3.5) P3 −→ P3, [X : Y : Z : W] 7→ [ q8X : q9Y : Z : q6W ] ,
extends to an isomorphism X (α, β, γ, δ, ε, ζ) ≃ X (t2α, t3β, t5γ, t6δ, t−1ε, ζ) preserving
the lattice polarization. Similarly, the birational involution
(3.6) P3 99K P3, [X : Y : Z : W] 7→ [ XZ : YZ,W2, ZW ]
extends to an isomorphism between X (α, β, γ, δ, ε, ζ) and X (α, β, γ, δ, ζ, ε). 
We also have the following:
Proposition 3.4. Let (α, β, γ, δ, ε, ζ) ∈ C6 as before. A Nikulin involution on the
N-polarized K3 surfaces X (α, β, γ, δ, ε, ζ) is induced by the map
Ψ : P3 −→ P3,
[X : Y : Z : W] 7→ [ (2γX− δW)XZ : −(2γX− δW)YZ :
(2εX − ζW)W2 : (2γX− δW)Z2 ] .
(3.7)
Proof. One checks that Ψ constitutes an involution of the projective quartic surface
Q(α, β, γ, δ, ε, ζ) ⊂ P3(X,Y,Z,W). If we use the affine chartW = 1 then the unique
holomorphic two-form is given by dX ∧ dY/FZ(X,Y,Z) where F (X,Y,Z) is the
left side of Equation (3.1). One then checks that Ψ in Equation (3.7) constitutes a
symplectic involution after using F (X,Y,Z) = 0. 
Remark 3.5. For the K3 surfaces X (α, β, γ, δ, ε, ζ), quotienting by the involution
and blowing up recovers a so-called double-sextic surface, i.e., the double cover of the
projective plane branched along the union of six lines. The corresponding family of
double-sextic surfaces was described in [Klo06,CMS19].
We now state a major result of this article:
Theorem 3.6. For each Jacobian elliptic fibration (π, σ) on the generic N-polarized
K3 surface X an associated pencil on the quartic normal form (3.1) can be identified:
Name Singular Fibers MW(π, σ) Pencil
standard 2III∗ + 6I1 trivial
residual quadric surface intersection
of L2(u, v) = 0 and Q(α, β, γ, δ, ε, ζ)
alternate I∗8 + 2I2 + 6I1 Z/2Z
residual quadric surface intersection
of L1(u, v) = 0 and Q(α, β, γ, δ, ε, ζ)
base-fiber dual II∗ + I∗2 + 6I1 trivial
residual quadric surface intersection
of L3(u, v) = 0 and Q(α, β, γ, δ, ε, ζ)
maximal I∗10 + 8I1 trivial
residual cubic surface intersection
of C3(u, v) = 0 and Q(α, β, γ, δ, ε, ζ)
Proof. We construct the Weierstrass models for these four Jacobian elliptic fibrations
explicitly in the Sections 3.1-3.4. The fact that these Jacobian elliptic fibrations are
the only possible fibrations was already proven in Proposition 2.3. 
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L3
•
R1
•
a1
•
✲✲
✲✲
✲✲
✲✲
✲✲
✲
✍✍✍✍✍✍✍✍✍
a2
•
a3
•
a4
•
a5
•
a6
•
a7
•
a8
•
a9
•
L1
•
b2
•
b3
•
b4
•
✑✑
✑✑
✑✑
✑✑
✑✑
✑
✶✶✶✶✶✶✶✶
L2
•
b1
•
R2
•
b5
•
(a)
L3
•
R1
•
a1
•
✲✲
✲✲
✲✲
✲✲
✲✲
✲
✍✍✍✍✍✍✍✍✍
a2
•
a3
•
a4
•
a5
•
a6
•
a7
•
a8
•
a9
•
L1
•
b2
•
b3
•
b4
•
✑✑
✑✑
✑✑
✑✑
✑✑
✑
✶✶✶✶✶✶✶✶
L2
•
b1
•
R2
•
b5
•
(b)
Figure 1. The standard ways of fitting 2 fibers of type Eˆ7
3.1. The standard fibration. There are exactly two ways of embedding two disjoint
reducible fibers, each given by an extended Dynkin diagram Eˆ7, into the diagram (3.3).
These two ways are depicted in Figure 1, where the green and the blue nodes indicate
the two reducible fibers. In the case of Figure 1a, we have
Eˆ7 = 〈L3, a1, a2, a3,L2, a4, a5; a6〉 , Eˆ7 = 〈b5, b4, b3, b2, b1,L1, a9; a8〉 .(3.8)
Thus, the smooth fiber class is given by
(3.9) F
(a)
std = L3 + 2a1 + 3a2 + 4a3 + 2L2 + 3a4 + 2a5 + a6 ,
and the class of a section is a7.
Remark 3.7. Using the polarizing divisor H in Equation (3.4), one checks that
(3.10) H− F
(a)
std − L2 ≡ a1 + 2a2 + 3a3 + · · · + 3a7 + 2a8 + a9 ,
which shows that an elliptic fibration with section, called the standard fibration, is
induced by intersecting the quartic surface Q(α, β, γ, δ, ε, ζ) with the pencil of planes
containing the line L2, denoted by L2(u, v) = uW − vZ = 0 for [u : v] ∈ P
1.
Making the substitutions
(3.11) X = uvx , Y = y , Z = 4u4v2z , W = 4u3v3z ,
in Equation (3.1), compatible with L2(u, v) = 0, yields the Jacobian elliptic fibration
πstd : X → P
1 with fiber X[u:v], given by the Weierstrass equation
(3.12) X[u:v] : y
2z = x3 + f(u, v)xz2 + g(u, v) z3 ,
admitting the section σstd : [x : y : z] = [0 : 1 : 0], and with the discriminant
(3.13) ∆(u, v) = 4f3 + 27g2 = 64u9v9p(u, v) ,
where
(3.14) f(u, v) = −4u3v3
(
γu2 + 3αuv + εv2
)
, g(u, v) = 8u5v5
(
δu2 − 2βuv + ζv2
)
,
and p(u, v) = 4γ3u6+ · · ·+4ε3v6 is an irreducible homogeneous polynomial of degree
six. We have the following:
Lemma 3.8. Equation (3.12) defines a Jacobian elliptic fibration with six singular
fibers of Kodaira type I1, two singular fibers of Kodaira type III
∗ (ADE type E7),
and a trivial Mordell-Weil group of sections MW(πstd, σstd) = {I}.
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L3
•
R1
•
a1
•
✲✲
✲✲
✲✲
✲✲
✲✲
✲
✍✍✍✍✍✍✍✍✍
a2
•
a3
•
a4
•
a5
•
a6
•
a7
•
a8
•
a9
•
L1
•
b2
•
b3
•
b4
•
✑✑
✑✑
✑✑
✑✑
✑✑
✑
✶✶✶✶✶✶✶✶
L2
•
b1
•
R2
•
b5
•
Figure 2. The alternate way of fitting a fiber of type Dˆ12
Proof. The proof easily follows by checking the Kodaira type of the singular fibers at
p(u, v) = 0 and u = 0 and v = 0. 
Applying the Nikulin involution in Proposition 3.4, we obtain the fiber configuration
in Figure 1b with
Eˆ7 = 〈R2, a1, a2, a3,L2, a4, a5; a6〉 , Eˆ7 = 〈R1, b4, b3, b2, b1,L1, a9; a8〉 .(3.15)
The smooth fiber class is given by
(3.16) F
(b)
std = R2 + 2a1 + 3a2 + 4a3 + 2L2 + 3a4 + 2a5 + a6 ,
and the class of the section is a7. Using the polarizing divisor H in Equation (3.4),
one checks that
(3.17) 2H−F
(b)
std−L1−L2−L3 ≡ 2a1+3a2+4a3+ · · ·+4a7+3a8+2a9+b1+2b2+ · · ·+2b5 ,
which shows that the standard fibration can also be induced by intersecting the quartic
Q(α, β, γ, δ, ε, ζ) with the pencil of quadratic surfaces, denoted by C1(u, v) = 0 with
[u : v] ∈ P1, containing the lines L1,L2,L3. A computation yields
(3.18) C1(u, v) = vW
(
2εX− ζW
)
− uZ
(
2γX− δW
)
= 0 .
3.2. The alternate fibration. There is exactly one way of embedding a reducible
fiber given by the extended Dynkin diagram Dˆ12 and two reducible fibers of type
Aˆ1 into the diagram (3.3). The configuration is invariant when applying the Nikulin
involution in Proposition 3.4 and shown in Figure 2. We have
Aˆ1 = 〈L3; R1〉 , Aˆ1 = 〈R2; b5〉 , Dˆ12 = 〈a2,L1, . . . , b1; b3〉 ,(3.19)
Thus, the smooth fiber class is given by
(3.20) Falt = a2 + 2a3 + L2 + 2a4 + · · ·+ 2a9 + 2L1 + b1 + 2b2 + b3 ,
and the classes of a section and two-torsion section are a1, b4.
Remark 3.9. Using the polarizing divisor H in Equation (3.4), one checks that
(3.21) H− Falt − L1 ≡ a1 + · · · + a9 + b1 + 2b2 + b3 ,
which shows that an elliptic fibration with section, called the alternate fibration, is
induced by intersecting the quartic surface Q(α, β, γ, δ, ε, ζ) with the pencil of planes
containing the line L1, denoted by L1(u, v) = uW − vX = 0 for [u : v] ∈ P
1.
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Making the substitutions
(3.22) X = 2uvx , Y = y , Z = 4v5(−2εu+ ζv)z , W = 2v2x ,
into Equation (3.1), compatible with L1(u, v) = 0, determines the Jacobian elliptic
fibration πalt : X → P
1 with fiber X[u:v], given by the equation
(3.23) X[u:v] : y
2z = x
(
x2 +A(u, v)xz +B(u, v) z2
)
,
admitting the section σalt : [x : y : z] = [0 : 1 : 0] and the two-torsion section
[x : y : z] = [0 : 0 : 1], and with the discriminant
(3.24) ∆(u, v) = B(u, v)2
(
A(u, v)2 − 4B(u, v)
)
,
where
A(u, v) = 4v(4u3 − 3αuv2 − βv3) , B(u, v) = 4v6(2γu− δv)(2εu − ζv) .(3.25)
We have the following:
Lemma 3.10. Equation (3.23) defines a Jacobian elliptic fibration with six singular
fibers of Kodaira type I1, two singular fibers of Kodaira type I2 (ADE type A1), and a
singular fiber of Kodaira type I∗8 (ADE type D12), and a Mordell-Weil group of sections
MW(πalt, σalt) = Z/2Z. Moreover, the Nikulin involution in Proposition 3.4 acts on
the Jacobian elliptic fibration (3.23) as a VanGeemen-Sarti involution [vGS07].
Proof. The proof easily follows by checking the Kodaira type of the singular fibers
at B(u, v) = 0 and A(u, v)2 − 4B(u, v) = 0. Applying the Nikulin involution in
Proposition 3.4, we obtain the same configuration of singular fibers, only with the
roles of the section and the two-torsion section interchanged. This means that the
involution in Equation (3.7) acts on the Jacobian elliptic fibration (3.23) by fiberwise
translation by two-torsion, i.e., by mapping
(3.26)
[
x : y : z
]
7→
[
B(u, v)xz : −B(u, v) yz : x2
]
for [x : y : z] 6= [0 : 1 : 0], [0 : 0 : 1], and swapping [0 : 1 : 0]↔ [0 : 0 : 1]. 
3.3. The base-fiber dual fibration. It is easy to see that the K3 surfaces given by
Equation (3.23) are double covers of the Hirzebruch surface F0 = P
1 × P1 branched
along a curve of type (4, 4), i.e., along a section in the line bundle OF0(4, 4). Every
such cover has two natural elliptic fibrations corresponding to the two rulings of the
quadric F0 coming from the two projections πi : F0 → P
1 for i = 1, 2. The fibration
π1 = πalt with two fibers of type I
∗
2 is easily shown to correspond to double covers
of F0 branched along curves of the form F1 + F2 + σ where F1,F2 are fibers of π1
and π2 and σ is a section of OF0(2, 4). A second elliptic fibration on the K3 surface
then naturally arises from the second projection π2. This second fibration arises in
a simple geometric manner, roughly speaking, by interchanging the roles of base and
fiber coordinates in the affine model in Equation (3.23). We refer to this fibration as
the base-fiber dual fibration. The fibration has reducible fibers of type Eˆ8 and Dˆ6.
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Figure 3. The base-fiber dual ways of fitting fibers of type Eˆ8 and Dˆ6
There are exactly two ways of embedding the disjoint reducible fibers of type Eˆ8
and Dˆ6 into the diagram (3.3). These two ways are depicted in Figure 3. In the case
of Figure 3a, we have
Eˆ8 = 〈a1, a2, a3,L2, a4, a5, a6, a7; a8〉 , Dˆ6 = 〈R1, b5, b4, b3, b2, b1; L1〉 .(3.27)
Thus, the smooth fiber class is given by
(3.28) F
(a)
bfd = L1 + b1 + 2b2 + 2b3 + 2b4 + b5 +R1 ,
and the class of a section is a9.
Remark 3.11. Using the polarizing divisor H in Equation (3.4), one checks that
(3.29) H− F
(a)
bfd − L3 ≡ a1 + · · · + a9 ,
which shows that an elliptic fibration with section, called the base-fiber dual fibration,
is induced by intersecting the quartic surface Q(α, β, γ, δ, ε, ζ) with the pencil of planes
containing the line L3, denoted by L3(u, v) = uZ− v(2εX− ζW) = 0 for [u : v] ∈ P
1.
Making the substitutions
X = 3uv(x+ 6γεuv3z) , Y = y ,
Z = 6v2(εx− 6γε2uv3z − 18ζu2v2z) , W = 108u3v3z ,
(3.30)
into Equation (3.1), compatible with L3(u, v) = 0, determines a Jacobian elliptic
fibration πbfd : X → P
1 with fiber X[u:v], given by the equation
(3.31) X[u:v] : y
2z = x3 + F (u, v)xz2 +G(u, v) z3 ,
admitting the section σbfd : [x : y : z] = [0 : 1 : 0], and with the discriminant
(3.32) ∆(u, v) = 4F 3 + 27G2 = −26312u8v10P (u, v) ,
where
F (u, v) = − 108u2v4
(
9αu2 − 3(γζ + δε)uv + γ2ε2v2
)
,
G(u, v) = − 216u3v5
(
27u4 + 54βu3v + 27(αγε + δζ)u2v2
− 9γε(γζ + δε)uv3 + 2γ3ǫ3v4
)
,
(3.33)
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and P (u, v) = γ2ε2(γζ − δε)2v6 +O(u) is an irreducible homogeneous polynomial of
degree six. We have the following:
Lemma 3.12. Equation (3.31) defines a Jacobian elliptic fibration with six singular
fibers of Kodaira type I1, one singular fibre of Kodaira type I
∗
2 (ADE type D6), and
a singular fiber of Kodaira type II∗ (ADE type E8), and a Mordell-Weil group of
sections MW(πbfd, σbfd) = {I}.
Proof. The proof easily follows by checking the Kodaira type of the singular fibers at
P (u, v) = 0, u = 0, and v = 0. 
Applying the Nikulin involution in Proposition 3.4, we obtain the fiber configuration
in Figure 3b with
Dˆ6 = 〈L3,R2, a1, a2, a3,L2; a4〉 , Eˆ8 = 〈b4, b3, b1, b2,L1, a9, a8, a7; a6〉 .(3.34)
The smooth fiber class is given by
(3.35) F
(b)
bfd = R2 + L2 + L3 + 2a1 + 2a2 + 2a3 + a4 ,
and the class of the section is a5. Using the polarizing divisor H in Equation (3.4),
one checks that
2H− F
(b)
bfd − L1 − 2L2
≡ 2a1 + 4a2 + 6a3 + 6a4 + 6a5 + 5a6 + 4a7 + 3a8 + 2a9 + b1 + 2b2 + · · ·+ 2b5 ,
(3.36)
which shows that the base-fiber dual fibration can also be induced by intersecting the
quartic Q(α, β, γ, δ, ε, ζ) with the pencil of quadratic surfaces, denoted by C2(u, v) =
0 with [u : v] ∈ P1, containing the lines L1,L2 and also being tangent to L2. A
computation yields
(3.37) C2(u, v) = vZ
(
2γX− δW
)
− uW2 = 0 .
3.4. The maximal fibration. There are exactly two ways of embedding one re-
ducible ADE-type fiber of the biggest possible rank, namely a fiber of type Dˆ14, into
the diagram (3.3). These two ways are depicted in Figure 4. In the case of Figure 4a,
we have
Dˆ14 = 〈R2,L3, a1, . . . , a9,L1, b2, b1; b3〉 .(3.38)
Thus, the smooth fiber class is given by
(3.39) F(a)max = R2 + L3 + 2a1 + · · ·+ 2a9 + 2L1 + 2b2 + b1 + b3 ,
and the class of a section is b4.
Remark 3.13. Using the polarizing divisor H in Equation (3.4), one checks that
(3.40) 2H− F(a)max − R1 ≡ b1 + 2b2 + 3b3 + 4b4 + 3b5 ,
This shows that an elliptic fibration with section, called the maximal fibration, is
induced by intersecting the quartic surface Q(α, β, γ, δ, ε, ζ) with a special pencil of
quadric surfaces containing the curve R1, denoted by C3(u, v) = 0 with [u : v] ∈ P
1.
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Figure 4. The maximal ways of fitting a fiber of type Dˆ14
Because of the identity
(3.41) 3H − F(a)max − R1 − R2 − L1 ≡ a1 + . . . a9 + 2b1 + 4b2 + 5b3 + 6b4 + 5b5 ,
the quadric surfaces must also define a pencil of reducible cubic surfaces containing
the curves L1, R1, and R2. This pencil turns out to be (2γX−δW)C3(u, v) = 0 with
C3(u, v) = v
(
2γ2δεζXZ+ (6αγδεζ + 4βγδε2 + 4βγ2εζ + 2δ2ζ2)XW − γδ2εζZW
+2γδεζY2 − (8βγ2ε2 + 4δ2εζ + 4γδζ2)X2
)
+ u(2γX− δW)(2εX − ζW) = 0 .
(3.42)
Making the substitutions
X = δζv
(
(2βγεv − u)x− 2γδ5εζ5v5z
)
, Y = y , W = 2δ2ζ2v2x ,(3.43)
and Z = Z(x, y, z, u, v), obtained by solving Equation (3.42) for Z, determines a
Jacobian elliptic fibration πmax : X → P
1 with fiber X[u:v], given by the equation
(3.44) X[u:v] : y
2z = x3 + a(u, v)x2z + b(u, v)xz2 + c(u, v) z3 ,
admitting the section σmax : [x : y : z] = [0 : 1 : 0], and with the discriminant
∆(u, v) = b2
(
a2 − 4b
)
− 2ac
(
2a2 − 9b
)
− 27c2 = 64δ16ζ16v16d(u, v) ,(3.45)
where
a(u, v) = −2δζv
(
u3 − 6βγεu2v + 3(4β2γ2ε2 − αδ2ζ2)uv2
− 2β(4β2γ3ε3 − 3αγδ2εζ2 − δ3ζ3)v3
)
,
b(u, v) = −4δ6ζ6v6
(
2γεu2 − (8βγ2ε2 + γδζ2 + δ2εζ)uv
+ (8β2γ3ε3 − 3αγδ2εζ2 + 2βγ2δεζ2 + 2βγδ2ε2ζ − δ3ζ3)v2
)
,
c(u, v) = −8γδ11εζ11v11
(
γεu− (2βγ2ε2 + γδζ2 + δ2εζ)v
)
,
(3.46)
and d(u, v) = (γζ−δε)2u8+O(v) is an irreducible homogeneous polynomial of degree
eight. We have the following:
Lemma 3.14. Equation (3.44) defines a Jacobian elliptic fibration with eight singular
fibers of Kodaira type I1, one singular fibre of Kodaira type I
∗
10 (ADE type D14), and
a Mordell-Weil group of sections MW(πmax, σmax) = {I}.
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Proof. The proof easily follows by checking the Kodaira type of the singular fibers at
d(u, v) = 0 and v = 0. 
Applying the Nikulin involution in Proposition 3.4, we obtain the fiber configuration
in Figure 4b with
Dˆ14 = 〈b5,R1, b4, b3, b2,L1, a9, . . . , a3,L2; a2〉 .(3.47)
The smooth fiber class is given by
(3.48) F(b)max = R1 + L2 + 2L1 + a2 + 2a3 + · · ·+ 2a9 + 2b2 + 2b3 + 2b4 + b5 ,
and the class of the section is a1. Using the polarizing divisor H in Equation (3.4),
one checks that the elliptic fibration is also induced by intersecting the quartic surface
Q(α, β, γ, δ, ε, ζ) with a special pencil of cubic surfaces containing the curves L2, L3,
R2, denoted by T(u, v) = 0 with [u : v] ∈ P
1. This pencil of cubic surfaces is
(3.49) T(u, v) = C3(u, v)Z − γδεζ
(
C2(u, v)Z − L3(u, v)W
2
)
.
4. Modular description of the parameters
Based on the work of Dolgachev [Dol96], it is known that Torelli type theorems
exist for lattice polarized K3 surfaces. Let us briefly describe the argument in our
situation.
Let L2,4 be the orthogonal complement N⊥ ⊂ ΛK3 in the K3 lattice ΛK3 = H
⊕3 ⊕
E8(−1)⊕E8(−1) with orthogonal transformations O(L
2,4). Let D2,4 be the Hermitian
symmetric space, specifically the bounded symmetric domain of type IV4, given as
(4.1) D2,4 = O
+(2, 4)/
(
SO(2)×O(4)
)
,
where O+(2, 4) denotes the subgroup of index two of the pseudo-orthogonal group
O(2, 4) consisting of the elements whose upper left minor of order two is positive.
Let O+(2, 4;Z) = O(L2,4) ∩ O+(2, 4) be the arithmetic lattice of O+(2, 4), i.e., the
discrete cofinite group of holomorphic automorphisms on the bounded Hermitian sym-
metric domain D2,4. We also set SO
+(2, 4) = O+(2, 4)∩SO(2, 4) and SO+(2, 4;Z) =
O(L2,4) ∩ SO+(2, 4).
An appropriate version of the Torelli theorem [Dol96] gives rise to an analytic iso-
morphism between the moduli space MN of N-polarized K3 surfaces and the quasi-
projective four-dimensional algebraic variety D2,4/O
+(2, 4;Z). We consider the nor-
mal, finitely generated algebra A(D2,4,G) = ⊕k≥0A(D2,4,G)k of automorphic forms
on D2,4 relative to a discrete subgroup G of finite covolume in O
+(2, 4), graded by
the weight k of the automorphic forms. For G = O+(2, 4;Z), the algebra A(D2,4,G)
is freely generated by forms Jk of weight 2k with k = 2, 3, 4, 5, 6; this is a special case
of a general result proven by Vinberg in [Vin10,Vin13]. A subtle point here is that
one has to obtain A(D2,4,G) as the even part
(4.2) A(D2,4,G) =
[
A(D2,4,G0)
]
even
of the ring of automorphic forms with respect to the index-two subgroup G0 =
SO+(2, 4;Z).
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Based on the exceptional analytic equivalence between the bounded symmetric
domains of type IV4 and of type I2,2, an explicit description of the generators {Jk}
6
k=2
can be derived. To start, we remark that D2,4 ∼= H2, where
(4.3) H2 =
{(
τ1 z1
z2 τ2
)
∈ Mat(2, 2;C)
∣∣∣ Im (τ1) · Im (τ2) > 1
4
|z1 − z¯2|
2, Im τ1 > 0
}
.
The domain H2 is a generalization of the Siegel upper-half space H2 in the sense that
(4.4) H2 =
{
̟ ∈ H2
∣∣ ̟t = ̟} .
A subgroup Γ ⊂ U(2, 2), given by
(4.5) Γ =
{
G ∈ GL
(
4,Z[i]
) ∣∣∣G† ·
(
0 I2
−I2 0
)
·G =
(
0 I2
−I2 0
)}
,
acts on ̟ ∈ H2 by
(4.6) ∀G =
(
A B
C D
)
∈ Γ : G ·̟ = (C ·̟ +D)−1(A ·̟ +B) .
There is an involution T acting onH2 by transposition, i.e., ̟ 7→ T ·̟ = ̟
t, yielding
an extended group as the semi-direct product ΓT = Γ⋊ 〈T 〉. Moreover, the group ΓT
has the index-two subgroup given by
Γ+T =
{
g = GT n ∈ ΓT
∣∣∣ n ∈ {0, 1}, (−1)n detG = 1} .(4.7)
The identification D2,4 ∼= H2 gives rise to an homomorphism U(2, 2) → SO
+(2, 4)
which identifies G0 ∼= Γ
+
T [Vin10].
Let us consider the principal modular sub-group of Γ of complex level 1+ i over the
Gaussian integers, denoted by Γ(1+ i), and the subgroup Γ+T (1+ i) = Γ
+
T ∩ΓT (1+ i).
The ring of modular forms relative to Γ+T (1 + i) is generated by any five out of ten
standard theta functions θ2i (̟) for 1 ≤ i ≤ 10 of weight two, transforming with a
character χ(g) = detG for g = GT n ∈ Γ+T (1 + i), and a unique modular form Θ(̟)
of weight four whose square is a polynomial of degree four in {θ2i (̟)}
10
i=1. These
theta function were described by Matsumoto in [Mat93]. We recall that there is a
well-known isomorphism Γ/Γ(1 + i) ∼= S6 – where S6 is the permutation group of six
elements that naturally acts on the theta functions θ2i (̟) – and that under the action
̟ 7→ T ·̟ = ̟t we have
(4.8)
(
θ1(̟), . . . , θ10(̟),Θ(̟)
)
7→
(
θ1(̟), . . . , θ10(̟),−Θ(̟)
)
.
In [CMS19] we described a set of explicit generators for the ring of modular forms rela-
tive to the subgroup G0 ∼= Γ
+
T : five modular forms Jk of weight 2k with k = 2, 3, 4, 5, 6
and even characteristic, i.e., χ(g) = det (G)k, were constructed as S6-invariant poly-
nomials in the theta functions {θ2i (̟)}
10
i=1 such that J4(̟) = (Θ(̟)/15)
2 and
(4.9) J5(̟)
2 − 4J4(̟)J6(̟) = 2
−4310
10∏
i=1
θ2i (̟) ,
We also introduce the automorphic form a(̟) = 2−235
∏
θi(̟) of weight 10 with
nontrivial automorphic factor satisfying a2 = J25 − 4J4J6, and the modular form J30
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of weight 60 (with canonical automorphic factor) given by
J30 = 3
30(θ22 − θ
2
3)
2(θ23 − θ
2
4)
2(θ24 − θ
2
5)
2(θ25 − θ
2
6)
2(θ22 − θ
2
4)
2(θ24 − θ
2
6)
2
10∏
j=2
(θ21 − θ
2
j )
2 .
(4.10)
Equation (4.10) can also be rewritten as a polynomial in terms of the generators
{Jk}
6
k=2 with integer coefficients; see [CMS19]. We have:
Theorem 4.1 ([CMS19]). The graded ring of modular forms relative to Γ+T of even
characteristic is generated over C by the five algebraically independent modular forms
Jk(̟) of weight 2k with k = 2, . . . , 6.
We also have:
Theorem 4.2 ([CMS19]). The coarse moduli space of N-polarized K3 surfaces is
(4.11) MN = {[J1 : J2 : J3 : J4 : J5 : J6] ∈WP(2, 3, 4, 5, 6) | (J3, J4, J5) 6= (0, 0, 0)} .
In particular, the parameters (α, β, γ, δ, ǫ, ζ) ∈ C6 in Equation (3.1) are given by
(4.12) [J2 : J3 : J4 : J5 : J6] = [α : β : γ · ε : γ · ζ + δ · ε : δ · ζ] ,
as points in the four dimensional weighted projective space WP(2, 3, 4, 5, 6).
We now prove:
Theorem 4.3. The four inequivalent Jacobian elliptic fibrations on the family of N-
polarized K3 surfaces X (α, β, γ, δ, ε, ζ) admit Weierstrass models with coefficients in
Q[J2, J3, J4, J5, J6] (or Q[J2, J3, a, J5, J6] in case of the standard fibration).
Proof. We determine the Weierstrass models whose coefficients are modular forms:
The standard fibration: The Jacobian elliptic fibration πstd : X → P
1 in
Lemma 3.8 is written in a suitable affine coordinate chart as
(4.13) Y 2 = X3 + f(t)X + g(t) ,
with
(4.14) f(t) = −t3
(J5 − a
2J6
t2 + 3J2t+
J5 + a
2
)
, g(t) = t5
(
t2 − 2J3t+ J6
)
,
and a discriminant ∆ = J−36 t
9p(t) where
(4.15) p(t) = 2
(
J25 (J5 + a)− J4J6(3J5 + a)
)
t6 + · · ·+ 2J36
(
J25 (J5 − a)− J4J6(3J5 − a)
)
.
The alternate fibration: The Jacobian elliptic fibration πalt : X → P
1 in
Lemma 3.10 is written in a suitable affine coordinate chart as
(4.16) Y 2 = X
(
X2 +A(t)X +B(t)
)
,
with
(4.17) A(t) = t3 − 3J2 t− 2J3 , B(t) = J4 t
2 − J5 t+ J6 ,
and a discriminant ∆ = E(t)2D(t) where E(t) = J4t
2 − J5t + J6 and
(4.18) D(t) = t6 − 6J2t
4 − 4J3t
3 + (9J22 − 4J4)t
2 + (12J2J3 + 4J5)t+ 4(J
2
3 − J6) .
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The base-fiber dual fibration: The Jacobian elliptic fibration πbfd : X → P
1 in
Lemma 3.12 is written in a suitable affine coordinate chart as
(4.19) Y 2 = X3 + F (t)X +G(t) ,
with
F (t) = t2
(
− 3J2t
2 − J5t−
1
3
J24
)
,
G(t) = t3
(
t4 − 2J3t
3 + (J2J4 + J6)t
2 +
1
3
J4J5t+
2
27
J34
)
,
(4.20)
and a discriminant ∆ = t8P (t) where P (t) = −27t6 + 108J3t
5 + · · ·+ a2J24 .
The maximal fibration: The Jacobian elliptic fibration πmax : X → P
1 in
Lemma 3.14 is written in a suitable affine coordinate chart as
(4.21) Y 2 = X3 + a(t)X2 + b(t)X + c(t) ,
with
a(t) = J6
(
t3 + 6J3J4t
2 + 3(4J23J
2
4 − J2J
2
6 )t− 2J3(3J2J4J
2
6 − 4J
2
3J
3
4 + J
3
6 )
)
,
b(t) = −J66
(
2J4t
2 + (8J3J
2
4 + J5J6)t+ (8J
2
3J
3
4 − 3J2J4J
2
6 + 2J3J4J5J6 − J
3
6 )
)
,
c(t) = J4J
11
6
(
J4t+ (2J3J
2
4 + J5J6)
)
,
and a discriminant ∆ = J166 d(t) where d(t) = a
2t8 + . . . is an irreducible polynomial
of degree eight. A simple computation shows that the various discriminants (denoted
by Disct) and resultants (denoted by Rest) are related to the modular form J30 by
(4.22) J30 = DisctD = Disct d =
24
318J306
Disct p
Res3t (t
−3f, t−5g)
= −
J92
321
Disct P
Res3t (t
−2F, t−3G)
.

In Table 5 we show what how the lattice polarization is extended for the four
inequivalent Jacobian elliptic fibrations determined in Theorem 4.3. We used the
following isomorphisms for the lattice Λ with discriminant group D(Λ):
rank isomorphisms for the lattice Λ D(Λ)
16 H ⊕E7(−1)⊕ E7(−1) ∼= H ⊕D14(−1) Z
2
2
∼= H ⊕E8(−1)⊕D6(−1)
17 H ⊕ E8(−1)⊕D7(−1) ∼= H ⊕D15(−1) Z4
17 H ⊕ E7(−1)⊕E7(−1)⊕ A1(−1) ∼= H ⊕E8(−1)⊕D6(−1)⊕A1(−1) Z
3
2
∼= H ⊕D14(−1)⊕ A1(−1)
18 H ⊕E8(−1)⊕ E8(−1) ∼= H ⊕D
+
16(−1) 0
5. A string theory point of view
In a standard compactification of the type IIB string theory, the axio-dilaton field
τ is constant and no D7-branes are present. Vafa’s idea in proposing F-theory [Vaf96]
was to simultaneously allow a variable axio-dilaton field τ and D7-brane sources,
defining at a new class of models in which the string coupling is never weak. These
compactifications of the type IIB string in which the axio-dilaton field varies over a
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base are referred to as F-theory models. They depend on the following key ingredients:
an SL2(Z) symmetry of the physical theory, a complex scalar field τ with positive
imaginary part on which SL2(Z) acts by fractional linear transformations, and D7-
branes serving as the source for the multi-valuedness of τ . In this way, F-theory
models correspond geometrically to torus fibrations over some compact base manifold.
A well-known duality in string theory asserts that compactifying M-theory on a
torus T2 with complex structure parameter τ and area A is dual to the type IIB
string compactified on a circle of radius A−3/4 with axio-dilaton field τ [Sch95,Asp96].
This gives a connection between F-theory models and geometric compactifications of
M-theory: after compactifying an F-theory model further on S1 without breaking
supersymmetry, one obtains a model that is dual to M-theory compactified on the
total space of the torus fibration. The geometric M-theory model preserves super-
symmetry exactly when the total space of the family is a Calabi-Yau manifold. In
this way, we recover the familiar condition for supersymmetric F-theory models in
eight dimensions: the total space of the fibration has to be a K3 surface.
In this article, we will focus on F-theory models associated with eight-dimensional
compactifications that correspond to genus-one fibrations with a section, or Jaco-
bian elliptic fibrations. As pointed out by Witten [Wit96a], this subclass of models is
physically easier to treat since the existence of a section implies the absence of NS-NS
and R-R fluxes in F-theory. Geometrically, the restriction to Jacobian elliptic fibra-
tions facilitates model building with various non-Abelian gauge symmetries using the
Tate algorithm [KMSNS11, LSN13] where insertions of seven-branes in an F-theory
model correspond to singular fibers in the M-theory model. Through work of Kodaira
[Kod63] and Ne´ron [Ne´r64], all possible singular fibers in one-parameter families of
elliptic curves have been classified. The catalog and its physical interpretation is by
now well-known; see [MM15].
5.1. Non-geometric heterotic models and string duality. An eight-dimensional
effective theory for the heterotic string compactified on T2 has a complex scalar field
which takes its values in the Narain space [Nar86]
(5.1) D2,18/O(Λ
2,18),
where Dp,q is the symmetric space for O(p, q), i.e.,
(5.2) Dp,q = (O(p)×O(q))\O(p, q).
The Narain space is the quotient of the symmetric space for O(2, 18) by the auto-
morphism group O(Λ2,18) of the unique integral even unimodular lattice of signature
(2, 18), i.e.,
(5.3) Λ2,18 = H ⊕H ⊕ E8(−1)⊕ E8(−1) .
In an appropriate limit, the Narain space decomposes as a product of spaces param-
eterizing the Ka¨hler and complex structures on T2 as well as sixteen Wilson line
expectation values around the two generators of π1(T
2); see [NSW87] for details.
However, the decomposition is not preserved when the moduli vary arbitrarily. Fami-
lies of heterotic models employing the full O(Λ2,18) symmetry are therefore considered
non-geometric compactifications, because the Ka¨hler and complex structures on T2,
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and the Wilson line values, are not distinguished under the O(Λ2,18)-equivalences but
instead are mingled together.
If we restrict ourselves to a certain index-two sub-group O+(Λ2,18) ⊂ O(Λ2,18) in
the construction above, the non-geometric models can be described by holomorphic
modular forms. This is because the group O+(Λ2,18) is the maximal sub-group whose
action preserves the complex structure on the symmetric space, and thus is the max-
imal sub-group for which modular forms are holomorphic. The statement of the
F-theory/heterotic string duality in eight dimensions [Vaf96] is the statement that
quotient space
(5.4) D2,18/O
+(Λ2,18)
coincides with the parameter space of elliptically fibered K3 surfaces with a section,
i.e, the moduli space of F-theory models. This statement has been known in the
mathematics literature as well; see, for example, [GHS07]. However, to construct
the duality map between F-theory model and heterotic sting vacua explicitly, one
has to know the ring of modular forms relative to O+(Λ2,18) and their connection
to the corresponding elliptically fibered K3 surfaces. However, this ring of modular
forms is not known in general. In this article, we consider the restriction to a natural
four-dimensional sub-space of the space in Equation (5.4).
Let L2,4 be the lattice of signature (2, 4) which is the orthogonal complement of
E7(−1)⊕E7(−1) in Λ
2,18. By insisting that the Wilson lines values associated to the
E7(−1)⊕E7(−1) sub-lattice are trivial, we restrict to heterotic vacua parameterized
by the sub-space
(5.5) D2,4/O(L
2,4) .
The corresponding degree-two cover is precisely the quotient space discussed above,
namely
(5.6) D2,4/O
+(L2,4) .
For this four-dimensional sub-space in the full eighteen dimensional moduli space we
will determine the duality map (and thus the quantum-exact effective interactions)
between a dual F-theory/heterotic string pair in eight space-time dimensions. As
we will show, the restriction to this sub-space describes the partial higgsing of the
corresponding heterotic gauge algebra g = e8⊕e8 to either e8⊕so(12) or e7⊕e7 for the
associated low energy effective eight-dimensional supergravity theory, and similarly
the higgsing of g = so(32) to either so(24)⊕ su(2)⊕2 or so(28). Moreover, our results
from Section 2 prove that for the dual F-theory models there are no Jacobian elliptic
fibrations on the sub-space (5.6) with a Mordell-Weil group of positive rank. Non-
torsion sections in a Weierstrass model are known to describe the charged matter
fields of the corresponding F-theory model [CKP13,MMTW14]. Thus, for generic
families of non-geometric heterotic compactifications sampling the moduli space (5.6)
there cannot be any charged matter fields.
Since there is no microscopic description of the dual F-theory, the explicit form
of the F-theory/heterotic string duality in this article provides new insights into
the physics of F-theory compactifications and is also of critical importance for the
understanding of non-perturbative aspects of the heterotic string, for example, as it
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relates to NS5-branes states and small instantons [Wit96b,OPP00]. For no or one
non-trivial Wilson line parameters, an analogous approach was proven to provide
a quantum-exact effective description of non-geometric heterotic models [MMS10,
MM15,GJ15].
5.2. The e8⊕ e8-string. As we have seen, the space in Equation (5.6) parameterizes
pseudo-ample K3 surfaces withH⊕E7(−1)⊕E7(−1) lattice polarization. Theorem 3.6
proves that these K3 surfaces admit an elliptic fibration with section which has one
fiber of Kodaira type I∗2 or worse and another fiber of type precisely II
∗. Here, we
have used the lattice isomorphism
(5.7) H ⊕ E7(−1)⊕ E7(−1) ∼= H ⊕ E8(−1)⊕D6(−1) .
Because of the presence of a II∗ fiber, the Mordell-Weil group is always trivial, in-
cluding all cases with gauge symmetry enhancement. From a physics point of view
as argued in [MM15], assuming that one fiber is fixed and of Kodaira type II∗ will
avoid “pointlike instantons” on the heterotic dual after further compactification to
dimension six or below, at least for general moduli.
The key geometric fact for the construction of F-theory models is that Equa-
tion (4.19) defines an elliptically fibered K3 surface X with section whose periods
determine a point ̟ ∈ H2, with the coefficients in the equation being modular forms
relative to Γ+T of even characteristic. The explicit form of the F-theory/heterotic
string duality on the moduli space in Equation (5.6) then has two parts: starting
from ̟ ∈ H2, we always obtain the equation of a Jacobian elliptic fibration on the
K3 surface given by Equation (4.19). Conversely, we can start with any Jacobian
elliptic fibration given by the general equation
Y 2 = X3 + a t2X + b t3 + c t3X + c d t4 + e t4X + (d e + f) t5 + g t6 + t7 .(5.8)
If we then determine a point in ̟ ∈ H2 by calculating the periods of the holomorphic
two-form ωX = dT∧dX/Y over a basis of the latticeH⊕E7(−1)⊕E7(−1) inH
2(X ,Z),
it follows that for some non-vanishing scale factor λ we have
c = −λ10J5(̟), d = −
λ8
3
J4(̟), e = −3λ
4J2(̟), f = λ
12J6(̟), g = −2λ
6J3(̟),
and a = −3 d2, b = −2 d3. Under the restriction of H2 to H2, we have d = 0 and
(5.9)
[J2(̟) : J3(̟) : J4(̟) : J5(̟) : J6(̟)] = [ψ4(τ) : ψ6(τ) : 0 : 2
1235χ10(τ) : 2
1236χ12(τ)] ,
as points in the four dimensional weighted projective space WP(2, 3, 4, 5, 6), where
ψ4, ψ6, χ10, and χ12 are Siegel modular forms of respective weights 4, 6, 10 and 12
introduced by Igusa in [Igu62]. Moreover, after a simple rescaling, Equation (4.19)
reduces to
(5.10) Y 2 = X3 − t3
( 1
48
ψ4(τ)t+ 4χ10(τ)
)
X + t5
(
t2 −
1
864
ψ6(τ) t+ χ12(τ)
)
,
which is precisely the equation derived in [MMS10] for the F-theory dual of a non-
geometric heterotic theory with gauge algebra g = e8 ⊕ e7.
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5.3. Condition for five-branes and supersymmetry. The strategy for construct-
ing families of non-geometric heterotic compactifications is the following: start with
a compact manifold Z as parameter space and a line bundle Λ→ Z. Choose sections
c(z), d(z), e(z), f(z), and g(z) of the bundles Λ⊗10, Λ⊗8, Λ⊗4, Λ⊗12, and Λ⊗6, respec-
tively; then, for each point z ∈ Z, there is a non-geometric heterotic compactification
given by Equation (5.8) with c = c(z), d = d(z), etc., and a = −3 d(z)2, b = −2 d(z)3
and moduli ̟ ∈ H2 and O
+(L2,4) symmetry such that Equations (5.2) hold.
Appropriate five-branes must still be inserted on Z as dictated by the geometry
of the corresponding family of K3 surfaces. The change in the singularities and the
lattice polarization for the fibration (4.19) occur along three loci of co-dimension one,
namely, a = 0, J30 = 0, and J4 = 0. Each locus is the fixed locus of elements in
ΓT \Γ
+
T . It is trivial to write down the reflections in O
+(L2,4)\SO+(L2,4) correspond-
ing to a = 0, J30 = 0, and J4 = 0, respectively; see [CMS19].
From the point of view of K3 geometry, given as a reflection in a lattice element
δ of square −2 we have the following: if the periods are preserved by the reflection
in δ, then δ must belong to the Ne´ron-Severi lattice of the K3 surface. That is, the
Ne´ron-Severi lattice is enlarged by adjoining δ. We already showed that there are
three ways an enlargement can happen: the lattice H ⊕ E7(−1) ⊕ E7(−1) of rank
sixteen can be extended to H ⊕E7(−1)⊕E7(−1)⊕ 〈−2〉, H ⊕E8(−1)⊕E7(−1), or
H ⊕E8(−1)⊕D7(−1), each of rank seventeen.
On the heterotic side these five-brane solitons are easy to see: when J30 = 0, we
have a gauge symmetry enhancement from e7 ⊕ e7 to include an additional su(2),
and the parameters of the theory include a Coulomb branch for that gauge theory on
which the Weyl group Wsu(2) = Z2 acts. Thus, there is a five-brane solution in which
the field has a Z2 ambiguity encircling the location in the moduli space of enhanced
gauge symmetry. When J4 = 0, we have an enhancement to e8⊕ e7 gauge symmetry,
and, when a = 0 an enhancement to e8 ⊕ so(14). Further enhancement to e8 ⊕ e8
gauge symmetry occurs along J4 = J5 = 0.
To understand when such families of compactifications are supersymmetric, we
mirror the discussion in [MM15]. A heterotic compactification on T2 with parameters
given by ̟ ∈ H2 is dual to the F-theory compactification on the elliptically fibered
K3 surface X (̟). For sections c(z), d(z), e(z), f(z), and g(z) of line bundles over
Z, we have a criterion for when F-theory compactified on the elliptically fibered
manifold (5.8) is supersymmetric: this is the case if and only if the total space defined
by Equation (5.8) – now considered as an elliptic fibration over a base space locally
given by variables t and z – is itself a Calabi–Yau manifold. The base space of the
elliptic fibration is a P1-bundle π : W → Z which takes the form W = P(O ⊕M)
where M→ Z is the normal bundle of Σ0 := {t = 0} in W. Monomials of the form
tn are then considered sections of the line bundlesM⊗n. We also set Σ∞ := {t =∞}
such that −KW = Σ0 + Σ∞ + π
−1(−KZ).
When the elliptic fibration (5.8) is written in Weierstrass form, the coefficients of
X1 and X0 must again be sections of L⊗4 and L⊗6, respectively, for a line bundle
L → W. The condition for supersymmetry of the total space is L = OW(−KW).
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Restricting the various terms in Equation (5.8) to Σ0, we find relations
(L|Σ0)
⊗4 = Λ⊗4 ⊗M⊗4 = Λ⊗10 ⊗M⊗3 = Λ⊗16 ⊗M⊗2,
(L|Σ0)
⊗6 =M⊗7 = Λ⊗6 ⊗M⊗6
= Λ⊗12 ⊗M⊗5 = Λ⊗18 ⊗M⊗4 = Λ⊗24 ⊗M⊗3
(5.11)
Thus, it follows that M = Λ⊗6 and L|Σ0 = Λ
⊗7 (up to torsion) and the P1-bundle
takes the form W = P(O ⊕ Λ⊗6). Since Σ0 and Σ∞ are disjoint, the condition for
supersymmetry is equivalent to Λ = OZ(−KZ).
5.4. Double covers and pointlike instantons. To a reader familiar with elliptic
fibrations, it might come as a surprise that the Weierstrass model we considered in
Equation (5.8) did not simply have two fibers of Kodaira type III∗ and a trivial
Mordell-Weil group. On each K3 surface endowed with a H ⊕ E7(−1) ⊕ E7(−1)
lattice polarization such a fibration exists, and we constructed it in Equation (4.13).
However, it is not guaranteed that the fibration extends across any parameter space,
and there might be anomalies present.
If we vary non-geometric heterotic vacua with (J3, J4, J5) 6= (0, 0, 0) over a param-
eter space Z as in Section 5.3, the functions Jk are again sections of line bundles
Λ⊗2k → Z. For the coefficient of t5X in Equation (4.13) to be well defined, a nec-
essary condition is J6 6= 0 over Z which implies that J6 is a trivializing section for
the bundle Λ⊗12; in particular, we have Λ⊗12 ∼= OZ. Thus, a
2 is a section of the
line bundle Λ⊗20. We want to take the square root of this line bundle Λ⊗20, that is,
construct a line bundle Λ′ → Z with (Λ′)⊗2 = Λ⊗20 such that a becomes a section of
the new line bundle. The square root of a line bundle (if it exists) is not unique in
general, and any two of them will differ by a two-torsion line bundle. If the Picard
group of Z is torsion free, then there is at most one square root. We already know
that one square root exists, namely the line bundle Λ⊗10 → Z. Therefore, setting
H2(Z,Z2) = 0 guarantees that the square root is isomorphic to Λ
⊗10.
If we further assume that the line bundle is effective, i.e., Λ⊗10 ∼= OZ(D) for some
effective divisor D – which is equivalent to dimH0(Z,Λ⊗10) > 0 – then the existence
of the square root of Λ⊗20 is equivalent to the existence of a double cover Y → Z
branched along the zero locus of the holomorphic section given by J5 − a = 0.
Using the condition for supersymmetry already established in Section 5.3, we will
assume that
(5.12)
(1) H2(Z,Z2) = 0 , (2) Λ = OZ(−KZ) ,
(3) dimH0(Z,Λ⊗10) > 0 , (4) Λ⊗12 ∼= OZ .
Then, we obtain a consistent and supersymmetric family of non-geometric heterotic
vacua with gauge algebra e7⊕e7 over the parameter space Y which is a double cover of
Z branched along the locus J5−a = 0. The conditions derived in Equation (5.12) are
similar to conditions governing global and local anomaly cancellation [Mal12,Mal11].
For J4 = 0 it follows J
2
5 = a
2, and the choice of square root a = ±J5 determines which
of the two fibers of type III∗ is extended to a fiber of type II∗; Equation (4.13) then
again reduces to Equation (5.10).
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5.5. The so(32)-string. We proved that a K3 surface X with lattice polarization
H ⊕E7(−1)⊕E7(−1) also admits two other fibrations, which we called the alternate
and themaximal Jacobian elliptic fibration. These turn out to be related to the so(32)
heterotic string. We will now establish the explicit form of the F-theory/heterotic
string duality on the moduli space (5.6) for the so(32) string. The intrinsic property
of the elliptically fibered K3 surfaces which lead to the corresponding F-theory back-
grounds is the requirement that there is one singular fiber in the fibration be of type
I∗n for some n ≥ 8, and that there either is or is not a two-torsion element in the
Mordell–Weil group. Under theses assumptions, following the same argument as in
[MMS10], we can always choose coordinates so that its Weierstrass equation is given
by either Equation (4.16) or Equation (4.21).
In the first case, we can start with any Jacobian elliptic fibration given by
(5.13) Y 2 = X3 +
(
t3 + e t+ g
)
X2 +
(
− 3 d t2 + c t+ f
)
X .
We then determine a point in D2,4 by calculating the periods of the holomorphic
two-form ωX over a basis of the period lattice H ⊕ E7(−1) ⊕ E7(−1) in H
2(X ,Z).
The gauge algebra is enhanced to so(24) ⊕ su(2)⊕2. It follows as in [AG96, AM98]
that the gauge group of this model is (Spin(24)× SU(2)× SU(2))/Z2. For J30 = 0,
we have a gauge symmetry enhancement to include an additional su(2). When a = 0
the gauge algebra is enhanced to so(24)⊕ su(4).
In the second case, a similar argument can be carried out to obtain Equation (4.21).
The fiber over t =∞ is of Kodaira type I∗8 so that the gauge algebra is enhanced to
so(28). It can be easily see from the proof of Theorem 4.3 that for a = 0, we have a
gauge symmetry enhancement to so(30).
For J4 = 0, the two cases coincide. That is, after using Equation (5.9) and a simple
rescaling, both Equation (4.16) and Equation (4.21) restrict to
(5.14) Y 2 = X3 +
(
t3 −
1
48
ψ4(τ) t−
1
864
ψ6(τ)
)
X2 −
(
4χ10(τ) t− χ12(τ)
)
X ,
which is precisely the equation derived in [MMS10] for the F-theory dual of a heterotic
theory with gauge algebra g = so(28)⊕ su(2) and one non-vanishing Wilson line. For
J4 = J5 = 0 the gauge group is further enhanced to Spin(32)/Z2.
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Fibration (4.13) pX Singular Fibers MW(πstd, σstd) Lattice Polarization Λ D(Λ)
generic 16 2III∗ + 6I1 {I} H ⊕E7(−1)⊕ E7(−1) Z
2
2
Rest(t
−3f, t−5g) = 0 16 2III∗ + II + 4I1 {I} H ⊕E7(−1)⊕ E7(−1) Z
2
2
J30 = 0 17 2III
∗ + I2 + 4I1 {I} H ⊕ E7(−1)⊕ E7(−1)⊕A1(−1) Z
3
2
J4 = 0 17 II
∗ + III∗ + 5I1 {I} H ⊕ E8(−1)⊕ E7(−1) Z2
J4 = J5 = 0 18 2II
∗ + 4I1 {I} H ⊕ E8(−1)⊕ E8(−1) 0
(a) Extensions of lattice polarizations for the standard fibration
Fibration (4.16) pX Singular Fibers MW(πalt, σalt) Lattice Polarization Λ D(Λ)
generic 16 I∗8 + 2I2 + 6I1 Z/2Z H ⊕ E7(−1)⊕E7(−1) Z
2
2
Rest(D, E) = 0 16 I
∗
8 + III + I2 + 5I1 Z/2Z H ⊕ E7(−1)⊕E7(−1) Z
2
2
a = 0 17 I∗8 + I4 + 6I1 Z/2Z H ⊕ E8(−1)⊕D7(−1) Z4
J30 = 0 17 I
∗
8 + 3I2 + 4I1 Z/2Z H ⊕ E7(−1)⊕E7(−1)⊕ A1(−1) Z
3
2
J4 = 0 17 I
∗
10 + I2 + 6I1 Z/2Z H ⊕E8(−1)⊕ E7(−1) Z2
J4 = J5 = 0 18 I
∗
12 + 6I1 Z/2Z H ⊕E8(−1)⊕ E8(−1) 0
(b) Extensions of lattice polarizations for the alternate fibration
Fibration (4.19) pX Singular Fibers MW(πbfd, σbfd) Lattice Polarization Λ D(Λ)
generic 16 II∗ + I∗2 + 6I1 {I} H ⊕ E8(−1)⊕D6(−1) Z
2
2
Rest(t
−2F, t−3G) = 0 16 II∗ + I∗2 + II + 4I1 {I} H ⊕ E8(−1)⊕D6(−1) Z
2
2
a = 0 17 II∗ + I∗3 + 5I1 {I} H ⊕ E8(−1)⊕D7(−1) Z4
J30 = 0 17 II
∗ + I∗2 + I2 + 4I1 {I} H ⊕ E8(−1)⊕D6(−1)⊕A1(−1) Z
3
2
J4 = 0 17 II
∗ + III∗ + 5I1 {I} H ⊕E8(−1)⊕ E7(−1) Z2
J4 = J5 = 0 18 2II
∗ + 4I1 {I} H ⊕E8(−1)⊕ E8(−1) 0
(c) Extensions of lattice polarizations for the base-fiber dual fibration
Fibration (4.21) pX Singular Fibers MW(πmax, σmax) Lattice Polarization Λ D(Λ)
generic 16 I∗10 + 8I1 {I} H ⊕D14(−1) Z
2
2
a = 0 17 I∗11 + 7I1 {I} H ⊕D15(−1) Z4
J30 = 0 17 I
∗
10 + I2 + 6I1 {I} H ⊕D14(−1)⊕ A1(−1) Z
3
2
J4 = 0 17 I
∗
10 + I2 + 6I1 Z/2Z H ⊕ E8(−1)⊕ E7(−1) Z2
J4 = J5 = 0 18 I
∗
12 + 6I1 Z/2Z H ⊕ E8(−1)⊕ E8(−1) 0
(d) Extensions of lattice polarizations for the maximal fibration
Figure 5. Extensions of lattice polarization
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